We numerically construct images of thin accretion disks in rotating wormhole backgrounds, for the Kerr-like and the Teo class of wormholes. Our construction is illustrated by two methods, a semi-analytic scheme where separated null geodesic equations obtained by analytically integrating the second order equations once are used, as well as by a numerical ray-tracing method utilizing a fourth order Runge-Kutta algorithm. Our result shows dramatic differences between accretion disk images in wormhole backgrounds, compared to black hole ones, specifically because a wormhole can in principle have accretion disks on both sides of its throat. We establish the nature of the images if the observer and the disk are on two opposite sides of the throat, and show that these can provide conclusive observational evidence of wormhole geometries. * svnkr@iitk.ac.in † rshaikh@iitk.ac.in ‡ bpritam@iitk.ac.in § tapo@iitk.ac.in
I. INTRODUCTION
It is believed that supermassive black holes with masses of the order of 10 6 − 10 10 M ⊙ exist at the center of most galaxies. Observational aspects of black holes, which are characterized by an event horizon, are naturally of great significance, as these might shed light on the underlying physics of the end stages of gravitational collapse, which are perhaps influenced by quantum phenomena in the regimes of very strong gravity. Indeed, recent observations of the center of the galaxy M87 by the Event Horizon Telescope [1] [2] [3] have triggered a flurry of activities towards understanding and quantifying possible images of accretion disks that can be formed around the galactic center.
While the notion of the event horizon continues to attract much attention, it has become clear by now that compact objects which do not have an event horizon might mimic many of the properties of black holes (for a review of the topic, we refer the reader to the recent work of Cardoso and Pani [4] ). One such object is the wormhole -an exotic solution of Einstein's equations that connect two different universes or two distant regions of the same universe by a throat. Celestial objects that are not tidally disrupted can tunnel through the throat, from one universe or one distant region to another.
An important issue related to this tunneling of material objects through the wormhole throat is that of traversability, and it was shown by Fuller and Wheeler [5] that the Schwarzchild wormhole (also called the Einstein-Rosen bridge) is not traversable in this sense. Traversable wormholes, which are of physical interest appeared first in the work of Morris and Thorne [6] and a subsequent description of a "time machine" based on the Moris-Thorne construction appeared in [7, 8] . Details of these can be found in the excellent book by Visser [9] (see also [10] for more recent related literature). Typically, the matter sourcing wormhole geometries violates standard energy conditions [6] . However, several attempts have been made to evade such violations, and as is well known, dynamical scenarios [11] or wormhole geometries in modified gravity [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] may offer situations in which these energy conditions are not violated. Stability of wormhole geometries which is known to be related to the equation of state of the matter supporting such geometries, is also a much studied topic, although the issue is still debated. While it is known that some wormhole geometries might be stable under metric and field perturbations [22] [23] [24] , others might not [25] [26] [27] . However, in spite of these issues, wormholes continue to attract much attention as they are prototype examples of solutions of general relativity that can mimic black holes.
The fact that wormholes can strongly resemble black holes was noted more than a decade ago by Damour and Solodukhin [28] , who pointed out that several features of black holes such as quasi-normal modes, accretion properties, no-hair theorems etc. can be closely mimicked by wormhole geometries as well. Indeed, after the first results on gravitational wave detection by LIGO [29] were obtained, it was shown by Cardoso, Franzin and Pani [30] that a class of wormholes that have a thin shell of phantom matter at the throat can exhibit an initial quasinormal ringdown mode that is entirely similar to that of a black hole, with differences emerging only at late times. Later, Konoplya and Zhidenko [31] showed that specific classes of wormholes can in fact ring similarly or differently compared to black holes at all times. In the light of the above discussions, it is clearly important and interesting to further study the observational distinctions between black hole and wormhole geometries. For a sampling of recent literature on the topic, we refer the reader to [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] 1 .
In this paper, we point out that one can observe dramatic differences between these objects in the context of their accretion disk images (see [46] [47] [48] [49] [50] [51] for some works on images of accretion disks around different objects). We proceed with two assumptions here. First, we will restrict ourselves to thin accretion disks in wormhole geometries, which were analytically studied in [52] . Second, we will assume that the accreting matter does not interact with the matter seeding the wormhole, which is a fairly standard assumption in the literature. Specifically, since the wormhole has a throat, it is possible and indeed natural to have accretion disks on either or both sides of the wormhole throat. If one only focuses on the disk on the same side of the throat as that of the observer, then the images may or may not mimic those of black hole accretion disks. However, we show here that the images of the disk when it is on the side of the throat opposite to that of the observer are drastically different from the ones observed from black holes. In a related context, we have shown recently [43] that strong gravitational lensing from wormhole geometries might be qualitatively different from the ones in black hole backgrounds. The reason for this is two-fold. Namely, with the observer and the source both on the same side of the wormhole throat, the throat can itself act as an effective photon sphere, where light travels in unstable circular orbits and via a small perturbation can reach an observer at infinity. Also, the observer and the source might be on different sides of the wormhole throat which opens up a further possible feature of gravitational lensing that is absent in black hole geometries. Here, we logically continue this analysis further, and focus on the images of accretion disks of black hole and wormhole geometries.
In this work, we will consider two classes of rotating wormhole geometries. The first is the Kerr-like wormhole constructed by Bueno et. al. in [53] and the second is the rotating version of the Morris-Thorne wormhole, also known as the Teo wormhole [54] . We construct accretion disk images for these wormholes numerically. Two different numerical algorithms are considered here. The first one is a semi-analytic construction, in which separated null geodesic equations obtained by analytically integrating the second order equations once are used, and the second, in which a fully numerical ray-tracing method is used by employing a fourth order Runge-Kutta algorithm. With both these methods, we obtain the accretion disk images of the two classes of wormhole geometries considered here. Importantly, considering the fact that there might be accretion disks on both sides of the wormhole throat, we get an overall picture that is strikingly different from any black hole accretion disk image obtained so far in the literature. This is the main contribution of this work. To set the stage, we reproduce typical images obtained from our analysis, of the Kerr black hole and the Kerr-like wormhole with accretion disks on both sides of the throat, in Fig. (1) , with parameter values that will be discussed in section (IV). The marked qualitative differences in the intensity maps are immediately apparent. We expect these features of the wormhole images to be generic, and the formalism for obtaining these will be discussed in sequel. This paper is organized as follows. In the next section II, we first record the expressions for the wormhole metrics, and then proceed to recapitulate some basic facts about accretion disks around wormholes and black holes. Section III deals with the numerical methods to construct the images of these accretion disks. The two different numerical methods mentioned in the previous paragraph are elaborated in detail here. Section IV contains the main results of this paper, where we show the intensity maps of the accretion disk images for the two classes of wormholes considered here, and we comment on the novel features that we obtain by our analysis. Section V ends this paper with our broad conclusions.
II. BASIC FORMALISM
In this section, we review the basic ingredients needed for the construction of accretion disk images in wormhole geometries. We first specify the space-time metrics, and then record some known analytical results regarding accretion disks in these backgrounds. This section has review material, meant to set up the scenarios to be used later in this paper.
A. Wormhole spacetimes
In this work, we consider two different rotating wormhole spacetimes, namely the Kerr-like and the Teo wormhole. The stationary and axi-symmetric spacetime geometry of the Kerr-like wormhole was obtained in [53] , and is given by
The parameters a and M are related, respectively, to the spin and mass of the wormhole, and λ is the deformation parameter whose value signifies the deviation of the metric of Eq. (1) from the Kerr black hole. For λ = 0, we recover the Kerr black hole and the corresponding black hole horizons are given by∆(r ± ) = 0, i.e., by r ± = M ± √ M 2 − a 2 . For λ = 0, however, the spacetime represents a wormhole and the wormhole throat r th is given by∆(r th ) = 0, .i.e., by
Note that Eq. (2) necessarily implies that r th > r + , r + being the outer horizon of the Kerr black hole.
Our second example would be the stationary, axisymmetric spacetime metric describing a rotating traversable wormhole of the Teo class, and is given by the metric [54] 
where −∞ < t < ∞, and r th ≤ r < ∞, 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π are spherical coordinates.
The functions N , b, K, and ω depend on r and θ only, such that it is regular on the symmetry axis θ = 0, π [54] . The spacetime describes two identical, asymptotically flat regions connected together at the throat r = r th = b > 0. The above metric is a rotating generalization of the static Morris-Thorne wormhole [6] . In this work, we consider the following forms of the metric functions for the Teo wormhole, which are frequently used in the literature,
where J and M are respectively the angular momentum and mass of the wormhole, and r th = 2M is the wormhole throat. The spin of the wormhole is given by a = J/M .
The above wormholes which we consider in this work are symmetric wormholes, i.e., wormholes whose two sides of the throat are represented by the same copy of the spacetime. However, for asymmetric wormholes, the spacetimes on the two sides are different. In this work, we do not consider this latter case for simplicity. Sometimes, a wormhole spacetime is written in the proper radial coordinate l (see [42] ) or a coordinate x (see [55] ) such that r = r(l) or r = r(x) has a minimum at l = 0 or x = 0 and the minimum value corresponds to the throat radius r th . In such a case, l > 0 or
x > 0 represents one side and l < 0 or x < 0 represents another side of the throat. As we shall discuss, writing the metric in this coordinate (l or x) may sometimes become useful when we consider scenarios involving both sides. For ease of discussion in the subsequent sections, we write the stationary, axially symmetric rotating wormhole spacetimes in the form
where the metric functions g µν , in general, depend on r and θ. In the equatorial (θ = π/2) plane, however, they depend on the radial coordinate r only.
B. Accretion disks around wormholes and black holes
A geometrically thin accretion disk consists of massive particles moving in stable circular timelike geodesics. We consider the Novikov-Thorne model of a thin accretion disk [56, 57] . Since we are dealing with stationary and axially symmetric spacetimes of the form given in Eq. (5), there are two constants of motion along a timelike geodesic, namely, the specific energyẼ (energy per unit mass) and the specific angular momentumL of a massive particle. Therefore, the timelike geodesic equations on the equatorial plane are given bẏ
where an overdot represents differentiation with respect to the affine parameter (unless otherwise specified), andṼ ef f is the effective potential. A stable circular timelike geodesic satisfiesṙ = 0,r = 0 and ... r < 0. For a stable circular timelike geodesic which lies outside the wormhole throat, i.e., the stable circular orbit radius r > r th , in terms of the effective potential, the conditions becomeṼ ef f = 0,
The first two conditions yield the specific energy and the specific angular momentum of the particles moving in the stable circular orbits. These are given by [52] 
,
where a prime denotes a derivative with respect to r, and Ω = dφ/dt is the angular momentum of the particles forming the disk. The flux of the electromagnetic radiation emitted from a radial position r of a disk is given by the standard formula [56, 57] 
whereṀ = dM/dt is the mass accretion rate, and r in is the inner edge of the disk. Also, √ −g = g rr (g 2 tφ − g tt g φφ ) is the determinant of the metric on the equatorial plane.
The inner edge of an accretion disk is generally located at the marginal stable orbit r = r ms , given by ... r = 0. For a wormhole, if the marginal stable orbit is outside the throat, i.e., if r ms > r th , then, in terms of the effective potential, the marginal stable orbit condition becomesṼ ′′ ef f (r ms ) = 0. However, if a real r ms > r th does not exist, then there is no marginal orbit outside the throat. In such a case, if circular orbits, which satisfyṼ ef f (r) = 0,Ṽ ′ ef f (r) = 0 andṼ ′′ ef f (r) < 0, exist upto the throat, then the circular orbit at the throat will act as the marginal stable orbit. The reason for this is as follows. Note that g −1 rr = 0 at the throat r = r th , and hence,ṙ = 0 is automatically satisfied at r = r th . Therefore, V ef f = 0 andṼ ′ ef f = 0 at r = r th , respectively, implies thatr = 0 and ... r = 0. This is in contrast to the stable circular orbits outside the throat for whichṼ ef f = 0 andṼ ′ ef f = 0 meansṙ = 0 andr = 0, as g −1 rr does not vanish outside the throat. Therefore, if there is no marginal stable orbit outside the throat and stable circular orbits exist all the way upto the throat, then the stable circular orbit at the throat acts as the marginal stable orbit.
Having discussed the basic ingredients needed for our analysis, we will now proceed to specify some details of our numerical computation scheme.
III. TRACING THE OBSERVED RAYS
The photons emitted from an accretion disk undergo gravitational lensing and a fraction of them reach a distant observer. Therefore, in order to obtain the intensity map of the image produced in the observer's sky, we need to trace back the observed photons. For this, we integrate the null geodesic equations backward in time from the observer's position (r o , θ o ) to the emission point (r e , π/2) on the accretion disk. We do this in two ways by a semi-analytic and a full numerical method. These are discussed in the following subsections.
A. Semi-analytic ray-tracing
This technique can be applied in spherically or stationary axially symmetric spacetimes which allow separation of the null geodesic equations using the constants of motion such as energy E, angular momentum L of the photons and the Carter constant K. This means that the second-order geodesic equations can be integrated once to obtain a set of first order geodesic equations givingẋ µ = {ṫ,ṙ,θ,φ}, the constants of motion E, L and K being the integration constants. This can be done in a large class of spacetimes. For example, see [58] where it is shown that the null geodesic equations in an arbitrary stationary and axially symmetric spacetime obtained through the Newman-Janis algorithm can be completely separated to obtain a set of first order geodesic equations. In any stationary and axially symmetric spacetime of the form given in Eq. (5), the geodesic equations forṫ andφ can be written
Note that the above equations are similar to those in Eq. (6). As we shall see through specific examples in the next section, the other two equations forṙ andθ in this case can be combined to writė
where Θ(θ) and R(r) are functions of θ and r respectively. Integrating the above equation once from the observer's position (r o , θ o ) to the emission point (r e , π/2) on the accretion disk, we obtain
where the slash notation ffl indicates that these integrals have to be evaluated along the geodesic, while taking into account all the turning points in the radial or in the polar motion occurring whenever the corresponding potential R(r) or Θ(θ) vanishes. The turning points in Θ(θ) are given by Θ(θ) = 0.
Generally Θ(π − θ) = Θ(θ) (see [59] for the spherically symmetric case). This means that Θ(θ) has two turning points, namely θ tp1 and θ tp2 , located symmetrically about the equatorial plane such that θ tp1 + θ tp2 = π. Let 0 ≤ θ tp1 ≤ π/2 and π/2 ≤ θ tp2 ≤ π, i.e., θ tp1 and θ tp2 lie, respectively, in the upper and lower half about the equatorial plane. Also we put the observer above the equatorial plane such
For photons which do not take turn in θ, the left hand side of Eq. (11) becomes
However, it is possible that photons, under strong gravitational lensing, may undergo multiple windings around the central object and thus may encounter multiple turnings at θ tp1 and θ tp2 . Note that we integrate the null geodesics backward in time from the observer's position to the emitting point that lies on the disk. That is, we shoot photons from the observer towards the central object with varying impact parameters. So, depending on the initial direction of a photon (i.e depending on the sign on the right hand side of Eq. (11) at the position of the observer), the photon will first encounter one of the turning points. Say we first choose the '+' sign in Eq. (11), which corresponds to a photon with dθ/dr > 0 at the initial time, at the observer's position. Then, as the radial coordinate decreases initially along the null geodesic which we shoot from the observer, the coordinate θ must initially decrease. Now if the photon does encounter a turning point in θ, it will do so first at θ tp1 and then at θ tp2 . After this, it is possible to repeat the process and hence the photon might undergo multiple turnings at both turning points, which will depend on the deflection. Also, the photon might hit the emitting point on the disk after encountering its last turn at either of the turning points θ tp1 and θ tp2 .
In either of the cases, the left hand side of Eq. (11) can be written as (see Eq. (4.11) of [59] for details)
where n = 0, 1, 2, 3, · · · . For later use, we rewrite the above equation. For that, we use the followinĝ
where, in Eq. (15), we have used the transformation θ → π − θ and the fact that θ tp1 + θ tp2 = π and Θ(π − θ) = Θ(θ). Equations (14) and (15) can now be combined to obtain
Using the last equation, Eq. (13) can be rewritten as
Similarly, we now choose the '−' sign in Eq. (11), i.e., we choose a photon with dθ/dr < 0 initially at the observer's position. Therefore, since the radial coordinate decreases initially along the photon geodesic which we shoot from the observer's position, the coordinate θ has to increase initially. Then, if the photon encounters any turning point in θ, it does so at θ tp2 first and then at θ tp1 . After that, it may repeat the same and undergo multiple turnings at both the turning points. Following the same procedure discussed above, for such a photon, we obtain (see Eq. (4.12) of [59] for details)
where m = 0, 1, 2, 3, · · · . Now to rewrite the above equation, we can obtain some identities similar to those of Eqs. (14) (15) (16) but with the interchange between θ tp1 and θ tp2 . After doing so, we obtain
Using the last equation, Eq. (18) can be rewritten as 
Before considering the radial integral in Eq. (11), let us discuss the celestial coordinates α and β which are used to obtain the apparent shape of an image and lie in the celestial plane perpendicular to the line joining the observer and the center of the spacetime geometry. The coordinates α and β are defined by [60] 
where (r o , θ o ) are the position coordinates of a distant observer. Therefore, in a given spacetime geometry, once we obtain the separated geodesic equations yieldingṙ,θ andφ, and put them in the above expressions and take the limits, we obtain the expressions for α and β. Note that the sign of the β coordinate is the same as dθ/dr, i.e., the same as the sign on the right hand side of Eq. (11).
Therefore, using Eqs. (12) , (17) and (20), Eq. (11) can be rewritten as
where sign(β) is the sign of the β coordinate, and n and m are replaced by a common integer k = 0, 1, 2, 3, · · · , and k = 0 corresponds to Eq. (12) . In Eq. (22), we have divided R(r) and Θ(θ) by E 2 because, as we shall see, they contain the energy E, angular momentum L and the Carter constant K in general, and when divided by E 2 , these three constants effectively get reduced to two constants ξ and η defined by ξ = L/E and η = K/E 2 . ξ and η are known as impact parameters. One can check that, for a spherically symmetric spacetime, the above equation reduces to Eq. (4.20) of [59] .
We now consider the radial integral. If there are turning points in r, let the outermost one is given by r tp such that R(r tp ) = 0. If the photon does not encounter any turning point r tp before it hits the emitting point on the disk, then the radial integral in Eq. (11) can be written as 
However, if it hits the disk after encountering the turning point, then we have 
We now discuss the procedure to find out the solution r e of Eq. (22) such that r e lies within the inner and outer boundaries of an accretion disk. The steps are as follows:
i. We first set the observer's position (r o , θ o ) and the coordinates (α, β) in the observer's sky. This fixes the impact parameters ξ and η (or L and K).
ii. We then increase k from 0 to k max in steps of 1. For a given k, we use Eq. (23) in Eq. (22) and solve for r e such that it lies within the inner and outer boundaries of a disk. For a given k, if a real root r e which lies within the disk boundaries is found, then stop there, note down the root r e , go to step i and change the point (α, β) in the observer's sky.
iii. However, if no real r e which lies within the disk boundaries is found in step ii for the entire k from 0 to k max , then, this time, we use Eq. (24) [instead of Eq. (23) used in step ii] in Eq.
(22) and solve for r e by increasing k from 0 to k max in steps of 1. For a given k, if a real root r e which lies within the disk boundaries is found, then stop there, note down the root r e , go to step i and change the point (α, β) in the observer's sky. Note that we perform this step only if no root r e is found in step ii.
In our calculation, we take k max = 10.
The radial integrations given in Eqs. (23) and (24) are valid for accretion disks around black holes, naked singularities as well as other compact objects. This is valid for a wormhole also, when the disk and the distant observer are on the same side of the wormhole throat. However, for wormholes, another scenario can happen, namely that the observer and the disk can be on the two opposite sides of the throat. In this case, photons which have impact parameters less than some critical value do not undergo any turning. Instead, such photons pass through the throat and escape to the opposite side [43] . Therefore, if there is an accretion disk on the side opposite to that of the observer, then some of the photons which cross the throat and come to the observer's side will reach the observer and produce images. If the wormhole spacetime is written in the radial coordinate with r th being the location of the throat, then the radial part in this case can be written as
where we have used '−' sign before the second term on the right hand side because an ingoing photon becomes outgoing after it crosses and leaves the throat. In this scenario, we consider only photons with those impact parameters which do not have any turning point outside the throat. For that, we check for the turning point R(r tp ) = 0 for a given set of impact parameters and consider those impact parameters for which a real solution r tp with r tp > r th is not possible. In this case, for the radial part in Eq. (22), we only consider Eq. (25) .
The photon flux as detected by a distant observer is given by [61] F obs (r) = g 4 F(r),
where F(r) is the flux obtained in the previous section, g is the redshift factor, u µ o = (1, 0, 0, 0) is the four-velocity of the distant observer (who is at infinity), u µ e = (ṫ, 0,φ, 0) is the four-velocity of the timelike geodesic at the emitting point on the accretion disk, and k µ is the four-velocity of the photons. Therefore, once we find r e for a given set of values of (α, β), we assign to it the above observed redshifted flux value by putting r = r e .
B. Numerical ray-tracing using Runge-Kutta algorithm
Note that one cannot use the semi-analytic ray-tracing discussed above if the second order geodesic equations for r and θ, i.e., equations forr andθ can not be integrated once using the Carter constant K to obtain first order equations yieldingṙ andθ. In such a case, we integrate the second order geodesic equations for r and θ directly using the fourth-order Runge-Kutta (R-K) method. However, as we discuss later in this section, in this case also, we consider Eq. (9) as the first order geodesic equations for t and φ obtained using the two constants of motion E and L.
Before discussing the numerical scheme in this section, we first note that numerical solving procedure of the geodesics will involve spacetimes on both the sides of the throat in case of photons crossing the throat, especially in the case when the disk and the observer are on the two opposite sides of the throat. Moreover, the location of the throat corresponds to a coordinate singularity as g rr diverges or g −1 rr vanishes there. This may be problematic in the numerical procedure. For these reasons, as mentioned in Sec. II A, we write down the metric either in the proper radial coordinate l or in the coordinate x. It turns out that it is convenient to write the metric in x-coordinate as it may not always be possible to write the same in the proper radial coordinate l [43] . Now to discuss how to define the coordinate x, we first note that g rr = f (r, θ) × r 2 /[(r − r th )(r + r th )], where f is some function of r and θ which is nonzero and finite at the throat r = r th . For example, for the Kerr-like wormhole
where
. Note that f (r, θ) is nonzero and finite at the throat r = r th . Therefore, we define the x-coordinate as dx = ± rdr
so that the metric does not have any coordinate singularity as g rr dr 2 ≡ f (x, θ)dx 2 does not have any.
The x-coordinate can now cover both sides of the throat with x = 0, x > 0 and x < 0, respectively, representing the throat, the observer side and the other side. For convenience, we use the radial coordinate r in the discussion below. However, the numerical calculations are done by converting the spacetime metric and the different parameters of the accretion disk in x coordinate.
We now discuss this numerical scheme. The basis of a locally inertial frame at the observer's location is chosen as {ê (t) ,ê (r) ,ê (θ) ,ê (φ) }, which is related to the coordinate basis {∂ t , ∂ r , ∂ θ , ∂ φ } by the following transformation relations.
Here, η (α)(β) represents the usual Minkowski metric. Subscripts or superscripts written within the parenthesis indicate components in locally inertial frame and without parenthesis represent components in global coordinates. To be specific, we have considered the Zero Angular Momentum Observer (ZAMO) to construct our locally inertial frame. In this ZAMO frame, the above transformation relations becomeê
Applying the conditionsê (t) ·ê (t) = −1,ê (t) ·ê (φ) = 0,ê (r) ·ê (r) = 1,ê (θ) ·ê (θ) = 1 andê (φ) ·ê (φ) = 1, we obtain
where g = g 2 tφ − g tt g φφ . With respect to the ZAMO frame, the locally measured four-momentum components of a photon are given by the following expressions :
Due to time translational and axial symmetry, the corresponding two conserved quantities or constants of motion are, P t = −E and P φ = L respectively, where E represents the total energy and L stands for the angular momentum of a photon with respect to a static observer at infinity. Since P r = g rr P r = g rrṙ and P θ = g θθ P θ = g θθθ (considering P r =ṙ and P θ =θ), the components of four momentum of a photon in ZAMO frame will be
where an 'overdot' as usual means a derivative with respect to the affine parameter along the geodesics.
Let us consider that the observer is located at r = r o , θ = θ o and φ = φ o = 0. Then the position coordinates of an image in the observers sky can be obtained as [62] (see also [63, 64] )
Note that the celestial coordinates in Eq. show that both these sets of coordinates are equivalent to each other in the limit r o → ∞. From the normalization of four momentum of a photon, we get (P (t) ) 2 = (P (r) ) 2 + (P (θ) ) 2 + (P (φ) ) 2
Using Eqs. (33) and (34) in Eq. (35), we obtain
Now, using Eqs. (34) and (36), we geṫ
Again, combining Eqs. (33) and (36) , and from the first expression of Eq. (32), we find
, and
From Eqs. (36) , (37) and (38) , we see that, once the observer's position coordinates, i.e., r o and θ o are given, we can determine L, E,ṙ andθ for a given set of values of the celestial coordinates
x o and y o in the observer's sky. The only unknown parameter that still remains is P (t) . Actually, we can easily do away with this parameter and set it equal to unity just by re-normalizing the affine parameter along the null geodesics. Therefore, taking P (t) = 1, the final expressions of L, E,ṙ andθ at the observer's location take the form
With the equations of the problem properly constructed, let us now discuss the numerical recipe to be followed to solve the null geodesic equations and obtain the shadow images. This consists of three main steps.
• First, we start with the null geodesic equations which are given below.
where g = g 2 tφ − g tt g φφ . Since we have two constants of motion (E and L) in an arbitrary stationary and axially symmetric spacetime, it is convenient to use the first order differential equations in t and φ which are obtained by integrating their corresponding second order geodesic equations once. So we have two first order and two second order differential equations, and to solve these coupled equations numerically, we need a total of six initial conditions, together with the initial values of E and L which remain constant throughout a geodesic.
• The initial values of the coordinates at the observer's location are chosen to be, t o = 0, r o = 10 4 M , θ o = 80 • and φ o = 0. These constitute four of the initial conditions, and the remaining two, i.e.,ṙ| (ro,θo) andθ (ro,θo) , as well as the initial values of E and L, are given by Eq. (39) for a chosen set of values of the coordinates (x o , y o ). So with all the initial conditions specified, we solve the differential equations from observer to the lensing object using a standard fourth order R-K method and obtain a single geodesic trajectory of a photon corresponding to the chosen initial values of (x o , y o ). If we take a different set of values of (
fixed, i.e., the observer's position fixed, it will yield a different trajectory. This concludes our discussion of the numerical recipes used in this paper, and we are now ready to present our main results.
IV. IMAGES OF WORMHOLES WITH ACCRETION DISKS
To produce the intensity map of the images, we have used both the techniques discussed in section III and have found that the images obtained using both the techniques match each other. In order to use the semi-analytic ray tracing technique, we need to obtain the first order separated geodesic equations. For the Teo wormhole given in Eq. (3), these are given by [33] 
where we have defined
Note that the constant Q in Ref. [33] is related to K through Q = K + L 2 . Comparing Eq. (10) with Eq. (41), we find that Θ(θ) = T (θ) and
Note that when we divide R(r) by E 2 , as is done in Eq. (22), we have effectively two impact parameters ξ = L/E and η = K/E 2 , instead of three constants of motion E, L and K. For the Teo wormhole, the metric functions we use are given in Eq. (4) . In this case, the expressions of the celestial coordinates defined in Eq. (21) turn out to be
For the Kerr-like wormhole given in Eq. (1), the first order separated geodesic equations are given by [39] 
In this case, R(r) and Θ(θ) in Eq. (10) are the same as those in the above equations. In this case, the expressions of the celestial coordinates defined in Eq. (21) turn out to be
Once we know R(r) and Θ(θ) for a given wormhole, we use them in the semi-analytic ray tracing technique and produce the images. The most striking differences in the images, however, occur when we consider the disk to be on This unique characteristic feature of the images can in principle distinguish a wormhole background from a black hole. Here it should be noted that, when there are disks on both the sides of the throat, the images will be the superposition of the images of the disk on the observer's side and those of the disk on the other side. One such example is shown in Fig. (4) , where we also provide a zoomed-in version to display the features more prominently. The striking difference with the black hole example of Fig.(2(d) ) is clear. Figs. (2(d) ) and (4(a)) are the ones shown in the introduction.
V. CONCLUSIONS
Currently, there is much interest in observational features of space-times with an event horizon.
Images from the Event Horizon Telescope will be pivotal in the understanding of such features, which are crucial to further our knowledge of strong gravity, and ultimately probe the limits of quantum gravity. Various works have appeared in the literature regarding the observational distinction between objects with and without an event horizon, and the broad consensus till now is that several observational features of black holes might in fact be indistinguishable from those in space-times without an event horizon. The fact that wormhole geometries can mimic many aspects of black holes has been well recognized since a decade, and spur the interest in quantifying these in terms of the recently available experimental data.
Here, we have considered two different classes of rotating wormhole geometries, namely a Kerr-like wormhole and the Teo wormhole (which is a rotating version of the Morris-Thorne wormhole). We have shown that there might be very distinctive features of the accretion disk images from a wormhole that can conclusively prove its difference with that in the background of a black hole. Specifically, we have shown that this difference arises as the wormhole might have accretion disks on both sides of its throat, so that if the observer and the disk are on opposite sides of the throat, novel images might be obtained which are not known to occur in any other geometry. Thus, any accretion disk image that contains such features might be used to distinguish wormholes from other objects. It is to be noted that the novel feature (multiple images) of an accretion disk when it is on the other side of the throat are generic to wormholes. We have considered two different examples here, but we expect that our analysis is robust, and that the features displayed in Fig. (4) will be qualitatively similar in other wormhole geometries.
